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Abstract 

Let fi S C'^~^°'{S^\{ai,bi}), a > 0, i = 1,2, be circle homeomorphisms with two 
OA ■ break points ai,bi i.e. discontinuities in the derivative Dfi, with identical irrational 

rotation number p and /xi([ai, bi]) = /X2([a2, ^2]), where p,i are the invariant measures 
of fi, i ~ 1,2. Suppose, the products of the jump ratios of Dfi and -D/2 do not coin- 
cide i e RMbi:^. Dh{bi-o) / Df2{a2-o) . Df2{b2-o) rp, , pojiiueatine 
ciuL, i.L. ^y^(aj+o) D/i(6i+0) ^ D/2(a2+0) £1/2(62+0) ' '^"^ ''"'^ "^'^f ^ conjugdumg 



, /i and /2 is a singular function, i.e. it is continuous on S^, but Dijj{x) = a.e. with 

respect to Lebesgue measure. 



o 

I-— I" 1 Introduction 

\ Let / be an orientation preserving homeomorphism of the circle = M/Z with lift 

■ / : M — 7- M, / continuous, strictly increasing and f{t + 1) = f{t) + 1, t £ R. The circle 

• homeomorphism / is then defined by f{x) = f{x) {modi), x S^, and x = x + 1, with 

X E [0,1). In the sequel will be identified with [0,1) and x £ with x G [0,1). 
The interval [x,y] C then corresponds to the interval [x,y] C [0,2). If / is a circle 
psj ■ diffeomorphism with irrational rotation number p = pf and log Df is of bounded variation, 

. then / is conjugate to the pure rotation fp, that is, there exists an essentially unique 

I homeomorphism of the circle with / = Lp~^ ° fp ° ^- This classical result of Denjoy [2] 

can be extended to circle homeomorphisms with break points. The exact statement of the 
. corresponding theorem will be given later. 

I It is well known, that circle homeomorphisms / with irrational rotation number pf 

admit a unique /- invariant probability measure pf. Since the conjugating map ip and 
the invariant measure pf are related by p{x) = pf{[0,x]) (see [8] ), regularity properties 
of the conjugating map p imply corresponding properties of the density of the absolutely 
continuous invariant measure pf. This problem of smoothness of the conjugacy of smooth 
diffeomorphisms is by now very well understood (see for instance [H [15l [H [TTl [19] ) . 
i An important class of circle homeomorphisms are homeomorphisms with break points 

or shortly, class P-homeomorphisms. In general their ergodic properties like the invariant 
measures, their renormalizations and also their rigidity properties are rather different from 
those of diffeomorphisms (see [16j chapter I and IV, [9] chapter VI, [T3]). 

The class of P-homeomorphisms consists of orientation preserving circle homeomor- 
phisms / whose lifts / are differentiable away from countable many points b € BP{f) C 
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[0, 1), corresponding to the so called break points b £ BP{f) C of /, at which left and 
right derivatives, denoted respectively by Df^ and -D/+, exist, such that 



i) there exist constants < ci < C2 < oo with ci < Df{x) < C2 for all x G [0, l)\BP{f), 
ci < Df^{b) < C2 and ci < Z)/+(6) < C2 for all b G BP{f), 



ii) log Df has bounded variation in [0, 1]. 




is called the jump ratio of / in 6 G BP{f). Denote by v 



General P-homeomorphisms with one break point were first studied by K. Khanin and 
E. Vul in [12]. Among other results it was proved by these authors that their renormal- 
izations approximate fractional linear transformations. Piecewise linear (PL) orientation 
preserving circle homeomorphisms with break points are the simplest examples in the class 
of P-homeomorphisms. They show up in many other areas of mathematics as for instance 
in group theory, homotopy theory and in logic via the Thompson group and its generaliza- 
tions (see [E]). The invariant measures of PL homeomorphisms were first studied by M. 
Herman in [9], those of general P-homeomorphisms with one break point by A. Dzhalilov 
and K. Khanin in Their main result is the following 

Theorem 1.1. Let f be a P-homeomorphism with one break point b. If the rotation 
number pf is irrational and f G C'^'^'^ {S^\{b}) for some e > 0, then the f -invariant 
probability measure fif is singular with respect to Lebesgue measure hl on , i.e. there 
exists a measurable subset A d S"^ such that fJ,f{A) = 1 and /Ul(^) = 0. 



I. Liousse got in [14j the same result for "generic" PL circle homeomorphisms with 
several break points whose rotation number is irrational and of bounded type. In a next 
step A. Dzhalilov and I. Liousse [5] and A. Dzhalilov, I. Liousse and D. Mayer [6] studied 
another class of circle homeomorphisms with two break points. Their main result in [6] is 

Theorem 1.2. Let f be a P-homeomorphism satisfying the following conditions: 

(a) the rotation number p = Pf of f is irrational; 

(b) f has two break points bi, 62 with (T/(foi) • o"/(62) 7^ 1/ 

(c) Df is absolutely continuous on every connected interval of [0, l]\{6i,62} o.nd 



Then the f- invariant probability measure pf is singular with respect to Lebesgue measure 



In the sequel we refer to the smoothness condition (c) in Theorem L2 on / as the 
Katznelson-Ornstein (KO) condition. 

The above theorems show that for a sufficiently piecewise smooth circle homeomor- 
phism / with irrational rotation number and one or two break points the map conjugating 
/ and fp is singular. Consider next the regularity properties of the conjugating map be- 
tween two class P-homeomorphisms with one or two break points and coinciding irrational 
rotation numbers. The case of one break point with coinciding jump ratios, the so called 
rigidity problem, was studied in great detail by K. Khanin and D. Khmelev in [13] and by 
A. Teplinskii and K. Khanin in jl8] . 



D^f €L'i[0,l],dpL). 
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If /9 = [ki,k2, ■ ■ ■ ,kn, . . .] is the continued fraction expansion of the irrational rotation 
number p, define the sets 

Mo = {p : Vn G N 3 C > : A:2„_i < C}, 

Me = {p : Vn G N 3 C > : A;2„ < C}. 
The main result of [T^ is then the following 

Theorem 1.3. (Teplinskii-Khanin). Let fi G C^^°(S'^\{6j}), i = 1,2, he P- homeomor- 
phisms each with one break point hi. Assume 

(1) their rotation numbers p{fi), i = 1,2, are irrational and coincide, i.e. p{fi) = 
P{f2) = p, p£M}\ Q; 

(2) their jump ratios cti = af.{bi), i = 1,2, coincide, i.e. ai= (T2 = ct. 

Then the map ip conjugating the homeomorphisms fi and f2 is a C^— diffeomorphism of 
the circle if either a > 1 and p G Mq or a < I and p G Mg . 

In the case of not coinciding jump ratios A. Dzhalilov, H. Akin and S. Temir [7j proved 

Theorem 1.4. Let fi G C^~''"(5^\{6i}), i = 1,2, be P- homeomorphisms each with one 
break point hi. Assume 

(1) their rotation numbers pi, i = 1,2, are irrational and coincide i.e. pi = p2 = p, p € 

Ri \ Q; 

(2) their jump ratios af.{bi), i = 1,2, are positive and do not coincide. 

Then the homeomorphism ip conjugating fi and f2 is a singular function, i.e. ip is con- 
tinuous on and Dil){x) = a.e. with respect to Lebesgue measure pi- 

In the present paper we will extend this result to circle homeomorphisms with coin- 
ciding irrational rotation numbers having each two break points. Our main result is the 
following 

Theorem 1.5. Let fi G C'^~^°'{S^\{ai,hi}),i = 1,2, be P- homeomorphisms each with two 
break points ai,bi. Assume 

(1) their rotation numbers p{fi), i = 1,2, are irrational and coincide i.e. p{fi) = 
p{f2) = p, p G \ Q; 

(2) the products of their jump ratios crfiiai)-(Jf.{hi) do not coincide i.e. cj/^(ai)-cj/^(6i) / 
o-/2(a2) ■(7f^{h2); 

(3) ^i([ai,6i]) = P2([fl25^2]), where pi is the invariant probability measure of fi,i = 1,2. 
Then the map ip conjugating f\ and f2 is singular. 
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2 Preliminaries and Notations 

Consider an orientation preserving circle homeomorphism / with lift / and irrational 
rotation number p = pj. If the rotation number p has the continued fraction expansion 
p = [ki,k2, kn, ...] = 1/ {ki + 1/ {k2 + ... + 1/ {kn + ...))) its convergents Pn/Qn, G N, 
are defined by Pn/Qn = [ki,k2, ■■■,kn]- Then the denominators Qn satisfy the well known 
recursion relation qn+i = /c„+ig„ + Qn-i, n> 1, qo = 1, qi = ki. 

For an arbitrary point xq G define Aq"'^(xo) as the closed interval in with 
endpoints xq and Xq^ = /'^"(xq), such that for n odd Xq„ is to the left of xq and for n 
even it is to its right with respect to the orientation induced from the real line. Denote 
by aI^\xo) := /*(Aq"^(xo)), i > 1, the iterates of the interval Aq"^(xo) under /. It is well 
known, that the set (,n{xo) of intervals with mutually disjoint interiors defined as 

Uxo) = {Af-')(xo), < i < g„} U {a5"^(xo), < j < (1) 

determines a partition of the circle for any ti. The partition (xq) is caUed the n-th dy- 
namical partition of the point xq with generators Aq" ^\xq) and Aq"^(xo). Obviously, 
the partition S,n+iixo) is a refinement of the partition S,n{xo)- indeed the intervals of order 
n belong to ^n+i{xo) and each interval A." ^\xq) S (,n{xQ), < i < Qn, is partitioned 
into kn+i + 1 intervals belonging to ^n+i(xo) such that 

fcn + l — 1 

s=0 

Recall the following definition introduced in [10] : 

Definition 2.1. An interval I = {x,y) C 5^ is qn-small and its endpoints x,y are qn-close 
if the intervals /*(/), < z < g„, are disjoint. 

It is clear that the interval (x, y) is ^n-small if, depending on the parity of n, either 
y -< X ^ /''""^(y) -< y ox /'^""^(x) ^ y -< X -< /''""^(x) in the order induced from the real 
line. 

Then we can show 

Lemma 2.2. Let f he a P -homeomorphism with a finite number of break points bi,i = 
l,2,...,m, and irrational rotation number p. Assume x,y G are qn-close and hi ^ 
{P{x), fKv). < j < 9n)};^ — 1,2, ...,m. Then for any < k < qn the following in- 
equality holds: 

< < ,2) 

where v is the total variation oflogDf on [0, 1] and x, y are the lifts of x, y to the interval 
[0,1). 

Proof. Take any two g„-close points x,y G and < A; < g„. Denote by / the open 
interval with endpoints x and y. Because the intervals f^{I), < s < k are disjoint, we 
obtain 

fc-i 

llogZ^f (x)-logZ)/^(y)| <^|logI?/(r(x))-logI)/(r(y))| <^;, 

s=0 

from which inequality ^ follows immediately. □ 
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The following Lemma can be proven easily using Lemma |2.2[ 

Lemma 2.3. Let f be a P-homeomorphism with a finite number of break points hi, i = 
1,2, ...,m, and irrational rotation number p. IfxQ G S^,n > 1 andbi ^ |/-'(2;o),0 < j < q-n] 
for i = 1,2, ...,m, then 

e-^ < n Df{f{xo)) < e\ (3) 

1=0 

Inequality ^ is called the Denjoy inequality. The proof of Lemma 2.3 is as for 
circle diffeomorphisms (see for instance Using Lemma 2.3 it can be shown that the 

intervals of the dynamical partition ^,n{xo) in ([1]) have exponentially small length . Indeed 
one finds 

Corollary 2.4. Let A^") be an arbitrary element of the dynamical partition ^ni^^o)- Then 

/(A(")) := AiL(A(")) < const A", (4) 

where A = (1 + e-^)-i/2 < i 

From Corollary 12.41 it follows that the trajectory of every point x G 5^ is dense in 5"^. 
This together with monotonicity of the homeomorphism / implies the following 

Theorem 2.5. Suppose that a homeomorphism f satisfies the conditions of Lemma 2.3. 
Then f is topologically conjugate to the linear rotation fp. 

In the following discussion we have to compare different intervals. For this we use 

Definition 2.6. Let C > 1. We call two intervals of C-comparable if the ratio of 
their lengths is in [C~^,C]. 

Corollary 2.7. Suppose the homeomorphism f satisfies the conditions of Lemma 2.3. 
Then for any interval L C S^ the intervals L and f'^'^{L) are e" -comparable. If the interval 
I is Qn— small then l{f^{I)) < const A" for all i = 0, 1, ...,qn — 1- 



3 The Cross-ratio Tools 

Let us first recall two definitions: 

Definition 3.1. The cross-ratio Cr(ai, 02, 03, 04) of four strictly ordered points Oj G M, 
i = 1, 2, 3, 4, is defined as 

^ / X (02 - ai)(a4 - 03) 

Cr(ai, 02, 03,04) = 7 77 r. 

(03 - ai)(a4 - 02) 

Definition 3.2. The cross-ratio distortion Dist{ai,a2,a^, 04; /) of four strictly ordered 
points G M, i = 1, 2, 3, 4 with respect to a strictly increasing function / on M is defined 
as 

Cr(/(ai), 7(02), 7(03), /(a4)) 



L>ist(ai,a2,a3,a4; /) 



Cr(ai,a2,a3,a4) 
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For A; > 3 let G [o, o+l] C M , i = 1, A; be the lifts of the points Zi G S^,i = 1, /c, 
with zi ^ Z2 < ... -< Z]^ ^ zi such that zi < Z2 < ... < The vector (-§1,^2, ■■■■,Zk) G M*^ 
is called the lifted vector of (zi, Z2, zj^) G (S^)^. Consider a circle homeomorphism 
/ with lift /. We define the cross-ratio distortion of (zi, Z2, Z3, Z4) with respect to / by 
Dist{zi, Z2, Z3, Z4; f) := Dist{zi, Z2, Z'^, Zi] f) where {zi, Z2-, z^, z^) is the lifted vector of 
(zi, ^2, -235-24). We need the following 

Lemma 3.3. (see [3]) Suppose f is a P -homeomorphism with a finite number of break 
points and f G C'^^°'{S^\BP{f)) for some a > 0. Consider any four points Zi G 5^, 
i = 1,2,3,4, with zi -< Z2 -< -Zs -< 24 ^ zi and [21,24] C S^\BP{f) Then 

\Dist{zi, Z2,Z'i, Z4; /) - 1| < K\zi - zi|^+" 

for some positive constant K depending only on f . 

Next we consider the case when the interval [zi , 2:4] contains one break point b of the 
homeomorphism /. We estimate the distortion of its cross-ratio when b lies outside the 
middle interval [22,-23]. For this we define for Zi G S^, i = 1,2,3,4, with 21 -< 22 ^ -23 -< 
24 -< 2i and 6 G [21, 22] U [23, 24] the following quantities: 

a := 22 - 21, fj := Z3- 22, 7 := 24 - 23, r := 22 - 0, 4 := -, C ■= ■= ^ ■= • 

007 7 

Lemma 3.4. Assume f is P -homeomorphism with a finite number of break points and 
f G C^(5^ \ BP{f)). Choose points Zi £ , i = 1,2,3,4, with 21 -< 22 -< 23 ^ 24 -< 21 
such that f has one single break point b in [21, 22] U [23, 24]. Then 

|I)ist(2i,22,23,24;/)-^^^f|5g=^^^^^ ?^G [21,22], 

a) \Dist{zi,Z2, 23, 24; /) - ^"^}'^lt)+i~i"j}^^^^^^ I < - ill, if 6 G [23, 24] 

for some positive constant Ki depending only on f . 

Proof. We prove only the first assertion of Lemma 13.41 The second one can be proved 
similarly. Obviously 

fe) - /,.,) = DM>^(^ - i) + !m}^ ^ oum - + 



and 



for some 9i G (^,-22), O2 G (-21,6), 6*3 ^ -23), ^ (-21,^). 
Using the last two relations it is easy to show 

f{z2)-f{k) ^ a/(6) + (l-a/(6))C + OH ^ . . 

f{h) - f{h) G{C, + 0(a + /3) a + /3 ^ ' 

where G(C,0 = (o"/(&) + (l-o-/(&))C+0/(l + 6 and ^ > 0. It is clear that min{l, o-/(6)} < 
af{b) + {1 - af{b))C < max{l, 0-/(6)} and min{l, 0-/(6)} < G(C,C) < 1 + max{l, cj/(6)}. 
The last two inequalities together with ([5]) imply that 

hz2)-hk) . a _ [a/(6) + (l-a/(6))C](l+0 , , , ... 
/(i3)-/(ii)^« + /3 ^/(&) + (l-^/W)C + ? ^ ^ 
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Since / G C^{[z2, z^] ) , we get 



f4^:^ = l + 0(7 + /?). (7) 

The relations ^ and d?]) imply the first assertion of Lemma 13.41 The second one can be 
proved similarly. □ 



4 Proof of Theorem 11.5 



For the proof of Theorem 11.51 we need several Lemmas which we formulate next. Their 
proofs will be given later. Consider two copies of the circle and homeomorphisms fi 
each with two break points aj,6j, i = 1,2, and the same irrational rotation number p. 
Assume that fi and /2 satisfy the conditions of Theorem 11.51 

Let (pi and be maps conjugating fi and /2 with the pure rotation fp, i.e. ifio fi = 
fp o (fi and ip2° f2 = fp°V2- It is easy to check that the map ^|J = ip^^ o ipi conjugates fi 
and /2 , i.e. 

^Pifl{x)) = f2m^)) (8) 

for all X G 5*^. By assumption in Theorem [L5]crj-^(ai) • 7^ 17/2(02) • af^{h2)- W.l.o.g 

assume (T/^(ai) / £7/2(02). Since (pi, i = 1,2, is unique up to an additive constant we can 
choose Lpi, i = 1,2, such that (pi{ai) = oi and ip2^{ai) = 02 and hence = 02. Then 

by assumption of Theorem ll.5I ^A(6i ) = 62- Recall, that the length of an interval [a, h] C 
is defined by 



l{[a,h]) := ^JiL{[a,h]) 



b- a, if < a < < 1, 
1 + 6- a, if 0<6<a<l. 



Definition 4.1. Let i2i > 1 and e > be constants. The points XQ,Zi E with 
zi -< ^2 ^ 23 -< ^4 -< zi satisfy conditions (Cr^^^) if: 

(a) RiH{[z2,Z3])V^<l{[zi,Z2]) < Ril{[z2,Z3])^; 

(b) RiHi[z2,Z3]) < l{[z3,Zi]) < Ril{[z2,Z3]); 

(c) max/([xo,2;i]) < Ril{[z2, Z3]). 

l<j<4 

For xo G with lift xq in [0, 1) define d{xo) := min{xoi (1 — xq)}. 

Lemma 4.2. Assume, that the lift ip of the conjugating map ip has a positive derivative 
DiI}{xq) = uj at the point xq £ [0, 1) and let Ri > 1 be a constant. Then there exists a 
constant C2 = C2(a;, Ri) such that for any e > there exists 6 = 6{xQ,e) G (0, d(xo)) such 
that for all zi G 5^ with zi G {xq — 5,xq + 5), i = 1,2, 3, 4, satisfying the conditions (C/j^,e) 
one has: 

^) ja£i£2|)(i _ C2^^e) < ![th^th^i < fMt(i + C2V^), 

^ l{\zi,zz\)^ / — l\^(z2),ij{z:i)\ — Z([22,23])^ 

n) 'p^Al - C2e) < llthl'thlj < |fM|(l + C2e). 

' l{\zi,Z-i\)^ ^ > — ;[V(-22),l/'(23)] — l{\z2,Zi\)y ^ ' 
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Ar^^(xo) 




1 1 

-\ $ 1 


1 1 

1 ^ \ ^ 



Figure 1: The point ai = /^^ '(ai) belongs to the interval [/i"(xo),/i" ^2:0)] and is the 
middle point of [io, /i""'(io)]- 

Lemma 4.3. Suppose the lift ip has a positive derivative L'V(^o) = at the point xq S 
[0,1) and let Ri > 1 be a constant. Then there exists a constant R2 = R2{u},Ri) such 
that for any e > there exists 6 = 5{xQ,e) G (0, d(xo)) such that for all zi G 5^ with 
Zi G (xo — 5, xq + (5), i = 1,2,3,4, satisfying the conditions (C^i.e) one has: 

\Dist{zi, Z2, z-i, 2:4; -0)) - 1| < Ri^fe. (9) 

The main idea for proving that the map "0 conjugating f\ and f^ is a singular function 
is to construct a quadruple of points Zj, z = 1, 2, 3, 4, for which the ratio of the distortions 
Dist{zi, Z2, Z3, z^; f1") and -Dist(V'(2i), '0(z2); V'(-2^3)) ^^(-24); /I") stays away from 1. 

For this assume Dip{xo) = w > for the lift xq G [0, 1) of a point xq G S^. W.l.o.g. we 
can choose n to be odd. Then we have a[,"^(z) = and A''^~'^\z) = [z,f^"-^{z)] 

for any point z of the circle. Consider the n-th dynamical partition £,nixo) of the point 
xq G defined by the homeomorphism /i. Only one interval of the partition ^ni^o) covers 
the break point ai. Hence there exists an unique point ai with either oi G Aq" ^\x(j) and 
/i(«i) = oi for some < / < g„, or ai G Aq"^(xo) and /{(ai) = ai for some < I < qn-i- 
We call the point ai the g„-preimage of the break point oi in Aq" (2;o)U Aq"^ (xq). There 
exists an unique point to such that oi is the middle point of the interval [to, fi"~^ {to)] 
(see Figure 1). Consider now the n-th dynamical partitions ^n.(io) of the point to defined 
by fi on the first circle respectively Cn('0(*o)) of tbe point "0(^0) defined by /2 on the 
second circle. For each n > 1 define 

A;")(to) := fl{A^o\to)), C\^\m)) ■■= mthi^ito)), 0<i< qn+1, 

where AQ"'^(to) respectively c'^\4>{to)) are the initial intervals of order n of the points to 
respectively V'C^o) determined by /i respectively f2 ■ By definition 

e„(to) = {Af-')(to), < i < U {Aj.")(to), < j < 

Qnmo)) = {Cf-')(V(to)), < i < g4 U {Cf )(^(to)),0 < j < qn^i}. 

Since the common rotation number p of /i and /2 is irrational, the order of the points 
on the orbit {/^ (xo), k G Z^} on the first circle will be precisely the same as the one 
for the orbit {/2 (^(s^o))) k G Z^} on the second circle. This together with the relation 
ilj{fi{x)) = f2{'<p{x)) for X £ implies that 

V^(A;"-^)(to)) = ci"-^)(V(to)), 0<i<qn, V'(Aj")(to)) = C]")(0(to)), < i < qn-l. 
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Vn{ai) 





1 1 

! U„{ai) I 

1 r* ►! 1 




H 9 


II II 

— h-i 1 1 1 


1 9- 



P"{xo) to xo ai r-'ito) P"-'{xo) 

Figure 2: The intervals Un{ai) and Vn{ai) are ^/e and -y/e comparable with [to, fi"~^ {to)] 
respectively. 

Denote by bi the (7„-preimage of the second break point bi of /i in Aq" ^^(^o) U ^o"^(^o)) 
such that /f (6i) = bi for some < p < g„. The ^/^-preimages of the points ai and bi lie in 
ct~^\i^{to)) U ci"^(V'(to))- Using relation (5) we get 

fiWai)) = ft\f2{Hai))) = ftHHfiiai))) = ... = ^(/{(ai)) = ^(ai) = as. 

Similarly one shows ('(/'(^i)) = ^2- 

For e > define the two neighbourhoods Un,Vn of the point ai € S"^ as 

Uniai) = {zeS^:ze{^l- 6n, ill + K) with 6n = \l{[to, fT'-'ito)])^}, 

K(ai) = {z G ^1 : z G (^1 - 7„, + 7„) with 7, = h{[to, ft'-\to)])^e]. 

It is clear that Un{ai) C F„(ai) C [to, fT'^ {to)] (see Figure 2). 
Then two cases are possible: 

either 61 G [/„(ai) or 61 ^ C/„(ai) i.e. 61 G [P^^ {to) , P^' {to)] \ Un{ai). 
Consider first the case 5i G C/„(ai). If bi lies on the left hand side of the point ai we define 

zi :=^i - h{[to,f'^-'{to)])^, h :=^i, 

is :=^i + ^/([to,/''"-Hio)]), Z4 :=^i + ^/([to,r"-Hio)]), (10) 

corresponding to the points G 5^, i = 1, 2, 3, 4, with Z2 = ai and zi < Z2 < z^ < z^ < zi. 
If on the other hand bi is on right hand side of oi , we define 

zi ■.= ixi - \l{[to,r-Kto)]), h :=^i - \l{[to,f''-'{to)]), 

Z3:=^i, z^:=^i + h{[to,f''"~'{to)])^, (11) 

corresponding to the points Zi £ , i = 1,2, 3, 4, with Z3 = ai and -< Z2 -< 23 -< Z4 -< zi. 
in the following we consider only the first case, the second one can be handled similarly. 
Then one shows 

Lemma 4.4. Suppose the circle homeomorphism fi satisfies the conditions of Lemma \2.3[ 
Let 5 > be the constant determined by Lemma \4-^ o,nd let for large enough n the points 
Zi, i = 1,2, 34 defined in I110\) be the lifts of the points z-i G S'^,i = 1, 2, 3, 4. Then the triple 
of intervals [zg, Zg+i], s = 1, 2, 3 has the following properties: 

(1) [zi,z^], [/r(2i),/^(z4)] C Us{xo) = {z G 51 : X G (£0 - 5,xo + 5); 
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(2) the intervals [zs,Zs+i], [ff" {zg), ff^ {zs+i)], s = 1,2,3, satisfy conditions (Cr^^^) for 
some constant Ri > 1 depending only on the variation v of log D fi. 

Lemma 4.5. Assume the circle homeomorphisms fi, i = 1,2, satisfy the conditions of 
Theorem 11.51 Let Zi G 5^, i = 1,2,3,4, be the points defined in Lemma \4-4\ Then the 
following inequalities hold for sufficiently large n: 



Dist{zi, Z2,z-i, z^; /f") - fT/,(ai) • fT/,(6i) < i?2v^ 
Dist{i){^zi),'4}{^Z2),i){zj,),i){zA);fl'') - 0-/3(02) • 0-/2(62) < ^2^ 

where the positive constant R2 = i?2(-Ri, fi, /2) does not depend on e. 
After these preparations we can now proceed to the proof of Theorem 11.51 



(12) 
(13) 



Proof of Theorem 11.51 Let fi and /2 be circle homeomorphisms satisfying the 
conditions of Theorem 1 1.51 The hft ip{x) of the conjugating map ip{x) is a continuous and 
monotone increasing function on R^. Hence t(j{x) has a finite derivative Dip{x) almost 
everywhere (w.r.t. Lebesgue measure) on R^. Recall that Dxjj^x + 1) = Dil){x) for each 
X & R^ where the derivative Dip{x) is defined. It is enough to show that Dtjj(x) = for 
almost all points x of the interval [0, 1). Suppose DiP{xq) = cj > for some point xq £ [0, 1) 
corresponding to the point xq £ S^. Choose an e > and the points Zi £ S^, i = 1, 2, 3, 4, 
with lifted vector {zi, Z2, 23, ^4) as defined in (fTOl) . Then by the second assertion of Lemma 
14.41 the intervals [zg,Zg^i 

], [f!"{zs),f^"{zs+i)], s = 1,2,3, satisfy conditions (C/j,,,) for 
some constant i?i > 1 depending only on the variation v of logD/i. 
Lemma 14.31 next implies 

\Dist{zi,Z2,Z3,Z4;ip) - 1| < -R2\/e (14) 

and 



|Z?ist(/fHzi),/f (z2),/i'"(^3),/r(^4);V') - i| < R2V^. (15) 

Hence 

Dist{ff-izi), /r(^2), /r(^3), /r(^4); V') 



Dist{zi,Z2,Z3,Z4;ip) 

where the constant i?3 > does not depend on e and n. 
But by definition 

Dist{ff-{zi),f1-{z2), ft"{zs),ffHz4y,i^) = 

_ crmi-{z,)),^i^{fi-{z2)),^{fr{z,)),^{fr{z,))) 
crift" (zi), (Z2) , /r (^3) , /r (^4)) 

Since ip is conjugating fi and /2 we can readily see that 
C7r(^(/f" (zi)), V'(/r {z2))Mft (^3)), V'(/r (^4))) = 

= C7r(/|"(^(.i)),/|"(V'(^2)),/|"(V'(^3)),/|"(^(^4))). 
It now follows that 



< ^3^^, (16) 
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D^st{ff"iz^), /^"(z^), fl^izs), f!"iz,); jj) 
Dist{zi,Z2,Z3,Zi;ip) 



Cr(V'(/^(zi)),V(/r(^2)),V'(/r(^3)),V'(/r(^4))) Cr{z,,Z2,Z3,z^) 

X 



Cr(/f"(zi),/f"(z2),/r(z3),/f (^4)) Cr{lP{z,),^P{z2),^|:{z^),^P{z,)) 

Cr(/|"(V.(zi)),/|"(V.(z2)),/|"(V^(^3)),/|"(^(^4))) . Cr{fl-{z,),fl-{z2)jr{z,)Jl-{z,)) 
Cr{ip{zi),'4){z2),il^{z^),ip{zi)) ■ Cr{zi,Z2,z^,Zi) 

^ Dist{i>izi),^iz2),^iz3), iPizj); /I") 
Dist{zi,Z2,Z3,Z4; ff") 

Combining this with inequality p6|) we get 

P9n 



D^st{i;{zl),i;{z2),^l^{z3),^l^{z4)■J|") ^ 
Dist{zi,Z2,Z'i,Zi,ff') 



< RiV~e. (17) 



But using Lemma 14.51 we get 

Dist{il}{zi),'4){z2),i}{zz),tl^{zi)-J^'') (Tf^{a2) •ct/2(52 



Dist{zi,Z2,Z3,Z4,;ff") cr/i(ai) • crfAh) 



< Const^ (18) 



for sufficiently large n. This contradiction proves Theorem 11.51 in the first case. 

There remains the case where the point 61 belongs to the set [/j'"(to), /i""^(*o)] \ f^n(«i)- 

Let bi lie on the left hand side of the point ai, the case bi on the right hand side of ai 
can be handled similarly. We define 

zi :=^i - ^/([to,/^"-Hio)])\/e, Z2 := ^i, 
Z3 :=ii + ^/([to,r"-Hio)]),24 ■.= ^i + h{[to,r"-'{to)]), (19) 

which determine the points G 5^, i = 1, 2, 3, 4 with Z2 = ai and zi ^ Z2 < zs < z^ ^ zi. 
The proof of Theorem 11.51 for the corresponding intervals [zsjZ^+i], s = 1,2,3, proceeds 
now exactly as in the previous case. This concludes the proof of Theorem 11.51 



5 Proofs of Lemmas 14.21 - 14.5 

We start with the proof of Lemma 14.21 



Proof. Suppose, the derivative DiP{xq) exists and DiIj{xq) = oj > for the lift xq G [0, 1) 
of some point xq in S^. By the definition of the derivative there exists for any e > a 
number 6 = 6{xo,e) G (0, (i(xo)) such that, for all x G {xq — 6, xq + 6), 

u-e<M^^<c. + e. (20) 

X — Xq 
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Now take four points Zj G {xq — 6, xq + 6) C [0, 1) satisfying conditions (C/j^^e). W.l.o.g. 
we can assume that [2:1,^4] C Us{xq) and zi ~< Z4 ~< xq ~< zi. Relation (j20p then imphes 
for X = Zi, i = 1, 2, 3, 4 

(u) - e)(xo - Zi) < ■0(io) - tpizi) < {uj + e){xo - h)- 

This yields the following inequalities for Zg-, s = 1,2,3 



(£0 - Zs+l) + [xq - Zs) 'ipiZs+l) - 1p{Zs) 

^ — £ z ~ ^ ~ z 

Zs+1 Zg 2:^+1 Zg 

, (^0 - ^^+1) + (xq - Zg) 
< u} + e : , (21) 

Zg+l — Zg 



respectively for s = 1 , 2 

(£0 - Zg+2) + (^0 - Zg) 4'{Zg+2) - 1p{Zg) 

^ — £ z ~ ^ ~ z 

Zg+2 — Zg Zg^2 — Zg 

< ^ + ,(^0^i£±^)±(^0^. (22) 

Zs+2 - Zg 

Since the points Zi,i = 1,2,3,4, satisfy conditions (Cij^^^), it is easy to show that 

max|^i^|<i?,£i:ii^<4l, (23) 

l<i<ilZ2 — Zi) Z2 — Z1 Je 



(Xq- Zi Xo - 5n 2 /o^^ 

max < —, — > < R^. (24) 

l<j<4 I Z^ — Z2 Z4^ — Z-i ) 

Combining relations ([II]), ([22]), ([231) and ^ we get 



u:-C,^e<^^^^^^^<u + C,^e; (25) 

Z2 - Zl 



for / = 2, 3 we get 



-^{zi+i) -tPizi) . . ^ 

uj — 646 < z z < a; + 645, (26) 

zi+i - Zl 



respectively for s = 1, 2 



u-C,e< ^('!+^^-^('-^ < u + C,e, (27) 

Zg+2 - Zg 

where the constant C4 > depends on oj, but does not depend on l{[zg, Zg+i]), s = 
1, 2, 3, and on e. Using the equality 



i^iZg+l) - IpiZg) _ Zg+l - Zg _ V'(is+l) - ijjiZg) Zg - z. 



s-1 



IpiZg) - l/j{Zg-l) Zg - Zg-l Zg+l - Zg ll^{Zg) - i){Zg^l) 

and relations (|25|) , ([25]) , ([27]) we get the assertions of Lemma I4.2[ □ 
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Next we will prove Lemma 14.31 



Proof. Since 

Dist{zi, Z2, Z3, Z4^, Ip) = , , = 

Cr(zi,Z2, 23,2:4) 

1/^(22) - (21) ^{z4)-ip{h) h-h 24-22 



22-21 24-23 V(^l) i'{h)-^{z2) 

inequalities ([25]) - (p7|) prove Lemma HTSl □ 
We continue with the proof of Lemma [ 



Proof. We assume n to be odd. Hence fi"{z) -< 2 -< ff"^^{z) -< f1"{z) for any point 2 
on the circle S^. The point ai lies in the interval [fi"{xo), fi"~^{xo)] and is the middle 
point of the interval [to, ff"~^ (to)]. This and the structure of the orbits imply x-3q^_-^ ~< 
ff"{to) -< io -< /i""'(io) ^ X3q„-i- By construction [21,24] C [to, /i""' (to)]- Consequently 
[/r(^i),/r(^4)] C [/r(to),/r^'""'(to)]. Summarizing we get therefore 

[^l,^4],[/r(2l),/r(^4)] C [x_3g_,,X3g_J. (28) 

Obviously 

[X-3q„_^,X3q„_,] = [X-3q„_^,X_2q„-i] U [x_2g„_i , J U [x -q„_^ , XQp 



U [2;o,a;g„_i] U [Xq„^,,X2q„^,] U [X2g„_i , X35„_ J . (29) 

By Corollary [121 the intervals [x, y], [/f""'(^), /i"~'(2/)] and [/^"^"-'(x), /r^"~'(y)] are e"^- 
comparable for any x,y G S^. This together with equation ()29p and Corollary 12.41 implies 
that 

Z([x_3g„_i,X3g„_J) < (1 + 5e3^i)/([xo,Xg„_J) < constX'^, 

for a constant Ai G (0,1). For sufficiently large n then obviously [2;-3g„_i , a^3g„_i] C 
(xo — S, xq + 5). This together with (|28|) implies the first assertion of Lemma 14.41 
Next we will prove the second assertion of Lemma 14.41 . 

By Corollarv 12.71 the intervals [23,2^+1] and [/'^"(2s ),/''" (2^+1)] are e^'^ -comparable for 
all s = 1, 2, 3. Using the definition of the points Zs,s = 1, 2, 3, 4 and the Denjoy inequality 
it is easy to verify that these intervals satisfy the assumptions a) and b) of conditions 
(C'iJi.e) • Using the relations 

[^l,^4],[/r(^l),/r(^4)] C [x_3g„_i,X3,„_J 

we get 

max ||xo - 2^1, |xo - ys\} < l{[x.3q^__^,X3q„^,]) (30) 

where ys '■= fi"{zs) s = 1,2,3,4. Now we want to compare the lengths of the intervals 
[x_3g„_-^ , X3q^_ J and [to, /i"~^ (to)] - Using the definition of to it is easy to see that x_2g„_i -< 
to -< X2q„_-,. Applying f^''"'\ s G Z, to these relations we get X(^_2)g,^_-^ -< tsq^_-, -< 
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a^(s+2)g„_i, s G In particular the last relations imply t_5g„_j ^ ^-Sqn-i^ X3q„-i -< hqn-i 
and hence [x_3g„_i, X3g„_J C [t-5g„-i, *5(?„-i]- Consequently 

l[{x-3g„_^, X3g„_J) < /([t-5g„_i, i59„_i])- (31) 

But the intervals [t-55„_i , t5g„_ J and [to, /i"~'(io)] are (l+2e^i+2e2^i+2e3"i+2e'^"i+e5"i)- 
comparable. This together with eq. (JSOj) implies /[(x_3g^_j, xs^^. 

Finally, we conclude that the points Zs, s = 1, 2, 3, 4 and ff"{zs), s = 1, 2, 3, 4, satisfy con- 
ditions (C/jj^e) with the constant Ri = 40e^^^ . This concludes the proof of Lemma [4.4[ □ 

Remains the proof of Lemma 14. 5[ 

Proof. Choose the points Zs, s = 1,2,3,4, according to formulas (jlOp and consider the 
two sets of intervals { /{[zs, Zg+i], < i < Qn, s = 1,2,3} and { f2[i{j{zs),ij{zs+i)], 
< i < Qn, s = 1,2,3}. By the construction of the intervals s = 1,2,3, only 

the intervals /{([zi,Z2]) and /f ([21,^2]) cover the break points ai respectively 61, namely 
ai = fi{z2), h e ff[zi,Z2). 

Similarly, alone the intervals f2[ip{zi),'il){z2)] respectively /f [^'(-^i), ^'(•22)] cover the 
break points 02 respectively 62, namely 02 = f2{'^{z2)) and 62 G /f [^'(-^i), V'('22))- Next we 
compare the distortions Dist{zi, Z2, Z3, z^; fl"^) and Dist{ip{zi),ip{z2),ip{z3),tp{z4); f2^). 
We estimate only the first distortion, the second one can be estimated analogously. Rewrit- 
ing it as 

l?n-l 

Dist{zi,Z2,zs,Z4;ftn = n Dist{fi{zi)ji{z2)ji{z3),fi{z^y,fi)x 

X Dist{fiizi)Ji{z2),fi{z;),f[iz^y,h) X I?ist(/f(zi),/f(z2),/f(z3),/r(^4);/i), (32) 
we apply Lemma 13.31 to obtain 

n Dist{fl{zi)Jl{z2)ji{z3),fl{z^y,h) = 
1=0 



eMj2 log(l + 0(|[/K^i),/i(^4)]|^+"))}. (33) 



1=0 

By construction [/{(^i), /K^4)] C [/K^o), /K/i""' (^o))] for 0<i< Qn- By Corollary 
12.41 the length of the last interval is bounded by const A". Thus we get for < i < qn 

l{[n{zi)Jl{z^)])< const X^. (34) 

The interval [^Oi /i"~^(^o)] is g^-small and hence 

Y,imz,)Jl{z,)])<l. (35) 

i=0 
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Combining equations ([55]) . ([55]) we get 



n z?ist(/i(^i),/i(^2),/i(^3),/K^4);/i)-i| < 



i=0 



qn — l 

< const X'^'' ^([/K^i)./K^4)]) < const A^°. (36) 

i=0 

Next we estimate the distortions 

Dist{fiizi),fi{z2),fiizs),fi{z^);fi) and I)i5t(/f (zi), /f (zs), /[(^a), /f (^4); /i). 
Define for < m < g„ the length ratios 

,a^^, ._ ^([/r(^2),/r(.3)]) . . ._ mnbi)jriz2)]) , . 

^^""^^ /([/r(^i),/r(^2)])' i{mzi)jr{z2)]y ^ ^ 

Lemma 12.21 then implies the following inequalities 

e-^'i • ??(0) < < e"' ■ ??(0), e'^i • r(0) < r(m) < e''^ • r(0). (38) 

Using the definitions of the points Zj, i = 1, 2, 3 we get 

^(0) = ^, 0<t(0)<^. (39) 

Define next for x > and < t < 1 the functions G{x, a) and F{x, t, a) as 

cr + X (J + (1 — a)t + X 

Applying Lemma 13.41 we get 

|Z5ist(/{(zi),/{(z2),/{(^3),/{(^4);/i)-G'(^?(0,a/,(ai))| <ir2Z([/i(^i),/{(^4)]), (41) 
pzst(/f(zi),/f(z2),/f(^3),/f(^4);/i) - F(^(p),r(p),(7/,(6i))| < 

if2/([/f(^i),/f(^4)]). (42) 
The definitions of the functions G, F together with equations (j37|) and p8|) imply 



I G(^(/),a/,(ai))-G(^?(0),<T/,(ai)) |< ^3^, (43) 
I F{^{p),T{p),af, (61)) - F(i?(0), r(0), a/, (61)) \<Ks^, 

I G(t?(0),f7j,(ai))-a/,(ai) |< A-s^, (44) 
I F(i?(0),r(0),a/,(6i) - (61) \< K^^, 

where the constant is given by 

Ks = (a/,(ai)|l - af,{ai)\ + a/,(&i)|l - af,{h)\) (1 + e'^i). 
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The last four equations imply 

I G(i9(/),a/,(ai)) -(T/,(ai) |< 27^3^, (45) 

\F{'&{p),T{p),af,{h)-af,{h) |<2i^3^. (46) 
Combining equations ([31]), ([32]), (l35]) and (Il0])-(|l6]) we obtain finally 

Dist{zi,Z2,Z3,Z4;ff") - af^{ai) • cr/j(6i) < R2^, 

which proves the first inequality in Lemma 14.51 The second inequality can be proven by 
using similar arguments as above. □ 
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